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Abstract
We give a positive answer to a conjecture by Manjul Bhargava, Daniel M. Kane, Hendrik W.
Lenstra Jr., Bjorn Poonen and Eric Rains, concerning the cohomology of torsion subgroups of
elliptic curves over global fields. This implies that, given a global field k and an integer n, for
100% of elliptic curves E defined over k, the n-th Selmer group of E is the intersection of two
direct summands of the adelic cohomology group H1(A, E[n]). We also give examples of elliptic
curves for which the conclusion of this conjecture does not hold.
1 Introduction
Let k be a global field (a number field or the function field of a curve over a finite field), and let
Ω be the set of places of k. If v is a place of k, we denote by kv the localisation of k at v, and by
Ov its ring of integers. We denote by A the adele ring of k, defined as the restricted product
A :=
′∏
v∈Ω
(kv ,Ov).
In this paper, all cohomology groups are computed with respect to the fppf topology. When
M is a smooth commutative k-group scheme, the fppf cohomology groups H i(k,M) agree with the
Galois cohomology groups.
If M is a k-group scheme, we define Xi(k,M) for i = 1, 2 as
X
i(k,M) := ker
(
H i(k,M) −→
∏
v∈Ω
H i(kv,M)
)
.
If E is an abelian variety defined over k, we let E(A) :=
∏
v∈ΩE(kv). Furthermore, if n > 0 is
an integer, we let
H1(A, E[n]) :=
′∏
v∈Ω
(H1(kv , E[n]),H
1(Ov , Ev[n])),
where Ev denotes the Néron model of E over Ov. This definition seems a bit ad hoc. Nevertheless,
it was proved by Česnavičius [2] that this group is the first fppf cohomology group of E[n] over A;
see [1, §6.2] for further details.
We have a natural commutative diagram
E(k)/n δn−−−−→ H1(k,E[n])y yβn
E(A)/n ∆n−−−−→ H1(A, E[n])
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in which the horizontal maps are the Kummer maps, and the vertical maps are obtained by locali-
sation.
It was proved in [1, Proposition 6.7] (see also [8]) that the Kummer exact sequence splits.
This implies that the image of the Kummer map ∆n is a direct summand of H1(A, E[n]). It
was conjectured in [1, Conjecture 6.9] that the image of βn should also be a direct summand of
H1(A, E[n]) for 100% of elliptic curves E defined over k (for the exact meaning of this 100%,
see the comments after Corollary 1.2). The motivation for this conjecture is the following: if
X
1(k,E[n]) = 0 (which holds for 100% of elliptic curves over k), then βn is injective (by the very
definition of X1), hence the n-th Selmer group of E is isomorphic to the intersection of the images
of ∆n and of βn in H1(A, E[n]).
Based on some heuristic arguments—and by analogy with the case when n is a prime number—
Selmer groups of elliptic curves are modelled in [1] as the intersection of two direct summands of
H1(A, E[n]). See [1, §1.6] for further details.
The aim of this short note is to prove the following result about the map βn.
Theorem 1.1. Let E be an abelian variety defined over k, and let Et be its dual abelian variety.
Let n > 1 be an integer such that X1(k,E[m]) = X1(k,Et[m]) = 0 for every m | n (which implies
in particular that βn is injective). Then the image of βn is a direct summand of H
1(A, E[n]).
We deduce the following corollary, which positively answers to [1, Conjecture 6.9], hence com-
pletes the arithmetic justification for the modelling of the Selmer group given in [1].
Corollary 1.2. Let k be a global field and let n > 1 be an integer. For 100% of the elliptic curves
E defined over k, the map βn is injective, and its image is a direct summand of H
1(A, E[n]).
Here, the set of elliptic curves over k is ordered by height, as detailed in [11, Conjecture 1.1].
We say that some property P holds for 100% of elliptic curves over k if the set of elliptic curves
over k satisfying P has natural density 1 with respect to the ordering of elliptic curves by height.
For example, it is a theorem that E(Q)tors = 0 holds for 100% of elliptic curves E over Q.
In the case when k = Q, we obtain, as a consequence of work by Paladino, Ranieri and Viada
[10], the following stronger result.
Corollary 1.3. Let n > 1 be an integer coprime to 6. Then for all elliptic curve E defined over Q,
the map βn is injective, and its image is a direct summand of H
1(A, E[n]).
Given a prime p, one can also consider the map βp∞ : H1(k,E[p∞]) → H1(A, E[p∞]) which is
the direct limit of the βpr . We discuss the properties of this map in Remark 2.8.
In another direction, it is natural to ask if the hypotheses of Theorem 1.1 are required for the
conclusion to hold. The answer is positive in a strong sense.
Theorem 1.4. Let E be an elliptic curve over a number field k, without complex multiplication,
and let p ≡ 2 (mod 3) be a large enough prime number. Then there exists a number field L/k such
that the map
βp3 : H
1(L,E[p3])→ H1(AL, E[p
3])
is not injective, and its image is not a direct summand of the target group.
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2 Direct summands
2.1 Divisibility preserving maps
If M is an abelian group (or, more generally, an object in some abelian category), and if m > 0
is an integer, we denote by [m] : M →M the multiplication by m map on M , by M [m] its kernel,
by mM its image, and by M/m its cokernel. We say that M is m-torsion if mM = 0.
Definition 2.1. (1) Let A be an abelian group, a ∈ A, and m ≥ 1 be an integer. We say that a
is divisible by m in A if there exists a′ in A such that a = ma′.
(2) Let f : A → B be a morphism of abelian groups. We say that f preserves divisibility if for
every integer m ≥ 1 and for every a ∈ A, if f(a) is divisible by m in B, then a is divisible by
m in A. Equivalently, for every m ≥ 1, the induced morphism A/m→ B/m is injective.
(3) Let n ≥ 1 be an integer. We say that f preserves n-divisibility if for every integer m | n and
for every a ∈ A, if f(a) is divisible by m in B, then a is divisible by m in A. Equivalently, for
every m | n, the induced morphism A/m→ B/m is injective.
Lemma 2.2. Consider an embedding f : A → B of n-torsion abelian groups. Then the following
statements are equivalent:
(1) f(A) is a direct summand of B;
(2) f preserves divisibility;
(3) f preserves n-divisibility.
Proof. Assume (1). Let C be a subgroup of B such that B = f(A)
⊕
C. Let m ≥ 1 be an integer
and let a ∈ A be such that f(a) is divisible by m. Let b ∈ B be such that f(a) = mb; let us write
b = f(x) + y where x ∈ A, and y ∈ C. Then f(a) = mb = mf(x) +my, so my = f(a−mx), hence
my ∈ f(A)∩C, thus f(a−mx) = my = 0. As f is an embedding it follows that a = mx. Therefore
f preserves divisibility. Thus (1)⇒ (2).
Conversely, if (2) holds then according to [6, Chap. V, Thm. 29.1], f(A) is a pure subgroup of
B. Moreover, the quotient B/f(A) is n-torsion, hence is a direct sum of cyclic groups, according
to the first Prüfer Theorem (see [6, Chap. III, §17]). It follows from [6, Chap. V, Thm. 28.2] that
f(A) is a direct summand of B. Hence (2)⇒ (1).
Finally, (2)⇔ (3) is immediate, given the fact that A and B are n-torsion groups.
Lemma 2.3. Let n ≥ 1. Consider a commutative diagram of abelian groups
A
f
−−−−→ B
g
−−−−→ C
β
y γy
B′
g′
−−−−→ C ′
Assume that the following statements hold:
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(1) B and B′ are n-torsion groups;
(2) β is an embedding;
(3) γ preserves n-divisibility;
(4) C[n] ⊆ im g;
(5) ker g ⊆ im f ;
(6) β ◦ f preserves n-divisibility.
Then β(B) is a direct summand of B′.
Proof. Let m be an integer dividing n. Let b ∈ B be such that β(b) is divisible by m in B′. Hence
β(b) = mt for some t ∈ B′. Thus n
m
β(b) = n
m
mt = nt = 0, because B′ is n-torsion. The map β
being an embedding, it follows that n
m
b = 0.
Note that γ(g(b)) = g′(β(b)) is divisible by m. As γ preserves n-divisibility, there exists c ∈ C
such that mc = g(b). Then we have nc = n
m
mc = n
m
g(b) = g( n
m
b) = 0, hence c belongs to C[n]. But
C[n] ⊆ im g, so there exists s ∈ B such that g(s) = c.
Let y := b−ms. Note that g(y) = g(b) −mg(s) = g(b) −mc = 0. As ker g ⊆ im f , there exists
x ∈ A such that f(x) = y. Hence β(f(x)) = β(y) = β(b)−mβ(s) = m(t−β(s)) is divisible by m in
B′. But β ◦ f preserves n-divisibility, so x is divisible by m in A. Let a ∈ A be such that x = ma,
then m(f(a) + s) = f(ma) +ms = f(x) +ms = y +ms = b, hence b is divisible by m in B.
The reasoning above proves that β preserves n-divisibility; this map being an embedding of
n-torsion abelian groups, it follows from Lemma 2.2 that β(B) is a direct summand of B′.
2.2 Abelian varieties
From now on, the notations and hypotheses from the introduction are in use. In particular, k
denotes a global field.
Lemma 2.4. Let E be an abelian variety defined over k. Let n > 1 be an integer such that
X
1(k,E[m]) = 0 for every m | n. Then the map
E(k)/n −→
∏
v∈Ω
E(kv)/n
preserves n-divisibility.
Proof. Let m be an integer dividing n. Consider the following commutative diagram
E(k)/m
δm−−−−→ H1(k,E[m])
α
y βy∏
v∈ΩE(kv)/m −−−−→
∏
v∈ΩH
1(kv , E[m]).
As X1(k,E[m]) = 0, the morphism β is an embedding. The horizontal maps being embeddings,
it follows that α is an embedding, hence the result.
Lemma 2.5. Let E be an abelian variety defined over k, and let Et be its dual abelian variety. Let
n > 1 be an integer such that X1(k,Et[m]) = 0 for every m | n. Then the map
H1(k,E) −→
∏
v∈Ω
H1(kv, E) (1)
preserves n-divisibility.
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Proof. This follows from [3, Lemma 5], but for the sake of completeness we give a short proof. By
an elementary cohomological argument, if X2(k,E[m]) = 0 then the map
H1(k,E)/m −→
∏
v∈Ω
H1(kv, E)/m
is injective. Therefore, if X2(k,E[m]) = 0 for every m | n, then by definition the map (1) preserves
n-divisibility. The result follows from Tate’s duality results (see [13, Theorem 3.1] in the case when
m is invertible in k, and [9, Theorem 1.1] in the case when m is a power of the caracteristic of k):
for every m > 0, there is a perfect pairing of finite groups
X
1(k,Et[m])×X2(k,E[m]) −→ Q/Z.
Hence the triviality of X2(k,E[m]) is equivalent to that of X1(k,Et[m]).
Lemma 2.6. Let E be an abelian variety defined over k, and let n > 1 be an integer. Then the
Kummer map δn : E(k)/n→ H1(k,E[n]) preserves n-divisibility.
Proof. From [1, Proposition 6.7] the image of δn : E(k)/n → H1(k,E[n]) is a direct summand of
H1(k,E[n]), see also [8, Corollary 1.2]. Lemma 2.2 implies that δn preserves n-divisibility.
Theorem 2.7. Let E be an abelian variety defined over k, and let Et be its dual abelian variety.
Let n > 1 be an integer such that X1(k,E[m]) = X1(k,Et[m]) = 0 for every m | n. Then the map
H1(k,E[n]) −→
∏
v∈Ω
H1(kv, E[n])
is injective, and its image is a direct summand of the target group.
Proof. Consider the commutative diagram
E(k)/n
f
−−−−→ H1(k,E[n])
g
−−−−→ H1(k,E)
α
y βy γy
∏
v∈ΩE(kv)/n
f ′
−−−−→
∏
v∈ΩH
1(kv, E[n]))
g′
−−−−→
∏
v∈ΩH
1(kv , E)
in which f and f ′ are the Kummer maps. We note that the first line fits into the Kummer exact
sequence
0 −−−−→ E(k)/n −−−−→ H1(k,E[n]) −−−−→ H1(k,E)[n] −−−−→ 0.
In particular, ker g = im f and im g = H1(k,E)[n].
The kernel of β isX1(k,E[n]) = 0, hence β is an embedding. Lemma 2.5 implies that γ preserves
n-divisibility. By Lemma 2.4, the map α preserves n-divisibility, and by Lemma 2.6, the map f ′
preserves n-divisibility. It follows, by composition of n-divisibility preserving maps, that f ′ ◦ α
preserves n-divisibility, hence by commutativity of the diagram above β ◦ f preserves n-divisibility.
All conditions of Lemma 2.3 being satisfied, one concludes that the image of β is a direct summand
of the target group.
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2.3 Proofs of the main results
Proof of Theorem 1.1. If A ≤ B ≤ B0 are abelian groups such that A is a direct summand of B0,
then A is a direct summand of B: indeed, if B0 = A ⊕ C, then B = A⊕ (C ∩ B). Given the fact
that H1(A, E[n]) is a subgroup of
∏
v∈ΩH
1(kv, E[n]), the result follows from Theorem 2.7.
Proof of Corollary 1.2. Let k be a global field, and let n > 0 be an integer. It follows from Propo-
sition 6.1 and Remark 6.2 of [1] that the property
X
1(k,E[m]) = 0 for every m | n
holds for 100% of elliptic curves E defined over k. But Et[m] ≃ E[m] by self-duality of elliptic curves,
hence X1(k,Et[m]) = 0 also holds for every m | n. The result then follows from Theorem 1.1.
Proof of Corollary 1.3. Let E be an elliptic curve defined over Q. According to [10], for every prime
p ≥ 5 and for every integer r ≥ 1, X1(Q, E[pr]) = 0. The result follows from Theorem 1.1
Remark 2.8. Let k be a global field, let p be a prime number, and let E be an elliptic curve defined
over k such that X1(k,E[pr]) = 0 for every r > 0 (given k and p, this holds for 100% of E). It
follows from Theorem 1.1 that, for each r > 0, βpr is injective and preserves divisibility. By passing
to the direct limit when r→ +∞, we get a map
βp∞ : H
1(k,E[p∞]) −→ H1(A, E[p∞])
which is injective and preserves divisibility (in other terms, its image is a pure subgroup of the target
group). Nevertheless, we do not expect the image of βp∞ to be a direct summand of the target
group, because the retractions of the various maps βpr have no reason to be compatible with each
other.
3 Non-direct summands
The aim of this section is to construct elliptic curves over number fields for which the conclusion
of Theorem 1.1 does not hold.
The following lemma allows one to obtain non injective morphisms whose image is not a direct
summand of the target group.
Lemma 3.1. Consider a morphism f : A → B of n-torsion abelian groups. Suppose that there
exists m | n and P ∈ A such that:
(i) P is not m-divisible but f(P ) is m-divisible;
(ii) any element of ker(f) is m-divisible in A.
Then f(A) is not a direct summand of B.
Proof. Let f : A/ ker(f) → B be the morphism induced by f . From (i) and (ii) one deduces that
the image P of P in A/ ker(f) is not m-divisible in A/ ker(f). On the other hand, f(P ) = f(P ) is
m-divisible by hypothesis (i). As f is an embedding and does not preserve divisibility, by Lemma 2.2
we deduce that f(A) = f(A/ ker(f)) is not a direct factor of B.
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Following the tradition, if some finite group G acts on some abelian group M , we define
H1cyc(G,M) := ker
(
H1(G,M) −→
∏
Γ≤G
Γ cyclic
H1(Γ,M)
)
.
(In some papers, this group is denoted by H1loc(G,M)).
Let k be a number field, and let M be a finite k-group scheme (equivalently, a finite Gal(k¯/k)-
module). Let us denote by k(M) the smallest extension of k over which M becomes constant
(equivalently, the Galois action becomes trivial over k(M)).
It follows from Chebotarev’s density theorem (see [1, Lemma 6.3]) that X1(k,M) can be iden-
tified with a subgroup of
H1cyc(Gal(k(M)/k),M).
Moreover, if k(M)/k is everywhere unramified, then all decomposition subgroups of k(M)/k are
cyclic, hence
X
1(k,M) = H1cyc(Gal(k(M)/k),M).
The following lemma is a consequence of the construction of [7, Section 5].
Lemma 3.2. Let p be a prime number such that p ≡ 2 (mod 3). Let
H2 =
{(
1 + p(a− 2b) 3p(b− a)
−pb 1− p(a− 2b)
)
| a, b ∈ Z/p2Z
}
.
Then H2 is a subgroup of GL2(Z/p
2Z). Let
G2 =
〈(
1 −3
1 −2
)
,H2
〉
.
Finally, let
π : GL2(Z/p
3Z)→ GL2(Z/p
2Z)
be the canonical surjection, and let G3 := π
−1(G2). Then
H1cyc(G2, (Z/p
2Z)2) = H1cyc(G3, (Z/p
3Z)2) 6= 0.
Proof. In [7, Section 5], it was proved that
H1cyc(G2, (Z/p
2Z)2) 6= 0.
Let N := ker(π) be the subgroup of matrices congruent to identity modulo p2. By construction,
we have an exact sequence
1 −−−−→ N −−−−→ G3 −−−−→ G2 −−−−→ 1.
Let M3 := (Z/p3Z)2 and M2 = M3[p2]. Then MN3 = M2 and the G2-module M2 is isomorphic
to the G2-module (Z/p2Z)2 induced by the natural matrix action. The inflation-restriction exact
sequence reads
0 −−−−→ H1(G2,M2)
inf
−−−−→ H1(G3,M3)
res
−−−−→ H1(N,M3)
G2 . (2)
Let us prove that H1cyc(N,M3) = 0. Let Z : N → M3 be a cocycle whose class belongs to
H1cyc(N,M3), then for each h ∈ N there exists m ∈M3 such that Z(h) = (h−1)m (where 1 denotes
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the identity). Since h − 1 ≡ 0 (mod p2), we deduce that Z(h) belongs to p2M3. Since N acts
trivially on p2M3, the cocycle Z is in fact a morphism N → p2M3, and the result follows by the
same argument as in [4, Proposition 3.2].
Since the restriction map sendsH1cyc(G3,M3) toH
1
cyc(N,M3), we deduce from the exact sequence
(2) that H1cyc(G3,M3) belongs to the image of the inflation.
We claim that, for every cyclic subgroup Γ ≤ G2, H1(Γ,M2) = 0. This implies thatH1(G2,M2) =
H1cyc(G2,M2), hence one can deduce from the previous discussion, combined with the fact that the
inflation sends H1cyc(G2,M2) to H
1
cyc(G3,M3), that
H1cyc(G2, (Z/p
2Z)2) = H1cyc(G3, (Z/p
3Z)2).
Let
g :=
(
1 −3
1 −2
)
which has order 3. Because gH2 = H2g (see [7, Section 5]), H2 is a normal subgroup of G2, and we
have an exact sequence
1 −−−−→ H2 −−−−→ G2 −−−−→ 〈g〉 −−−−→ 1.
As p 6= 3, given a cyclic subgroup Γ ≤ G2, its p-Sylow subgroup is a subgroup of H2, hence of
the form 〈h〉 for some h ∈ H2, and we have an embedding
H1(Γ,M2) →֒ H
1(〈h〉,M2).
We shall use the following classical fact: if γ ∈ GL2(Z/p2Z) is an element of order r, then the
cohomology of the cyclic group 〈γ〉 acting on M2 can be computed as
H1(〈γ〉,M2) = ker(Tγ)/(γ − 1)M2 (3)
where Tγ denotes the matrix 1+ γ + γ2 + · · ·+ γr−1.
Let h be any element of H2 distinct from the identity. Then
h− 1 = p
(
a− 2b 3(b− a)
−b −(a− 2b)
)
=: pMa,b
One checks that Ma,b is an invertible matrix (this calculation was made in details [7, Section 5]).
Then, since Ma,b is invertible, the image of h − 1 is pM2 = M2[p]. On the other hand, a simple
calculation shows that
Th = 1+ h+ . . .+ h
p−1 = p · 1
whose kernel is M2[p]. It follows from (3) that H1(〈h〉,M2) = 0, which concludes the proof.
Lemma 3.3. Let E be an elliptic curve over a number field k, without complex multiplication, and
let p ≡ 2 (mod 3) be a large enough prime number. Let K2 := k(E[p
2]) and K3 := k(E[p
3]). Then
there exists a number field F/k with E(F )[p] = 0, such that the morphism
H1cyc(Gal(FK2/F ), E[p
2]) −→ H1cyc(Gal(FK3/F ), E[p
3])
is an isomorphism, and these groups are nonzero.
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Proof. As E has no complex multiplication, it follows from [12] that, for p large enough, the Galois
representation Gal(k¯/k) → GL2(Zp) associated to the p-adic Tate module of E is surjective. In
particular, if p is large enough, Gal(K3/k) ≃ GL2(Z/p3Z) and the natural action of Gal(K3/k)
on E[p3] can be identified with the action of GL2(Z/p3Z) on M3 = (Z/p3Z)2. Let G2 and G3
be the groups from Lemma 3.2, and let F := KG33 be the field fixed by G3. Then by elementary
Galois theory Gal(FK3/F ) = G3 which acts on E[p3] as on M3. It follows that Gal(FK2/F ) = G2.
Moreover, G3 does not fix any point of M3, hence E(F )[p] = 0. The result follows from the
conclusion of Lemma 3.2.
Lemma 3.4. Let E be an elliptic curve over a number field k. Let p be a prime number, let n ≥ 2
be an integer, and let Kn := k(E[p
n]). Then there exists a number field L/k such that
(a) L is linearly disjoint from Kn over k;
(b) LKn/L is everywhere unramified;
(c) H1cyc(Gal(LKn/L), E[p
n]) is contained in the image of the Kummer map δpn : E(L)/p
n →
H1(L,E[pn]).
Proof. According to [5, Corollary 1], given ξ ∈ H1cyc(Gal(Kn/k), E[p
n]) there exists infinitely many
extensions L/k such that (a) and (b) hold, and ξ belongs to the image of δpn . We note that
Gal(LKn/L) = Gal(Kn/k), hence
H1cyc(Gal(LKn/L), E[p
n]) ≃ H1cyc(Gal(Kn/k), E[p
n]).
The result follows by finite induction, the group H1cyc(Gal(Kn/k), E[p
n]) being finite.
Proof of Theorem 1.4. Let K2 := k(E[p2]) and K3 := k(E[p3]). According to Lemma 3.3, if p is
large enough, there exists some finite F/k with E(F )[p] = 0, such that
H1cyc(Gal(FK2/F ), E[p
2]) ≃ H1cyc(Gal(FK3/F ), E[p
3]) 6= 0. (4)
According to Lemma 3.4, there exists L/F such that
(a) L is linearly disjoint from FK3 over F ;
(b) LK3/L is everywhere unramified;
(c) H1cyc(Gal(LK3/L), E[p
3]) is contained in the image of the Kummer map δp3 : E(L)/p
3 →
H1(L,E[p3]).
It follows from (a) that Gal(LK3/L) = Gal(FK3/F ) and similarly for Gal(LK2/L), hence (4)
becomes
H1cyc(Gal(LK2/L), E[p
2]) ≃ H1cyc(Gal(LK3/L), E[p
3]) 6= 0. (5)
For the same reason, E(L)[p] = E(F )[p] = 0.
Let us note that, since LK3/L is everywhere unramified by (b),
X
1(L,E[p3]) = H1cyc(Gal(LK3/L), E[p
3]). (6)
The same holds for X1(L,E[p2]) because K2L/L is a subextension of K3L/L, hence is every-
where unramified. It follows from (5) that
X
1(L,E[p2]) ≃X1(L,E[p3]). (7)
9
From (5) and (6) we deduce that X1(L,E[p3]) 6= 0, hence the map
βp3 : H
1(L,E[p3]) −→ H1(AL, E[p
3])
is not injective. We shall prove that the hypotheses of Lemma 3.1 hold for this map when taking
m = p2, which proves the result.
By Kummer theory, we have the following commutative diagram, with exact lines
E(L)/p2
δ
p2
−−−−→ H1(L,E[p2]) −−−−→ H1(L,E)[p2]y y y
E(L)/p3
δ
p3
−−−−→ H1(L,E[p3]) −−−−→ H1(L,E)[p3].
From (c), we know that H1cyc(Gal(LK3/L), E[p
3]) is contained in the image of δp3 , which is the
same as the kernel of the lower right-hand side map.
On the other hand, the vertical map in the middle sends the subgroup H1cyc(Gal(LK2/L), E[p
2])
to the subgroup H1cyc(Gal(LK3/L), E[p
3]), and the vertical map on the right is injective (inclusion
of subgroups). One deduces that H1cyc(Gal(LK2/L,E[p
2]) is contained in the kernel of the upper
right-hand side map, i.e. the image of δp2 . As
X
1(L,E[p2]) = H1cyc(Gal(LK2/L), E[p
2]) 6= 0
we deduce that there exists a point P ∈ E(L) which is everywhere locally p2-divisible, but is not
p2-divisible. Then βp3(δp3(P )) is p
2-divisible in H1(AL, E[p3]) by construction. On the other hand,
δp3(P ) is not p
2-divisible in H1(L,E[p3]), because δp3 preserves divisibility by Lemma 2.6. Hence,
the condition (i) from Lemma 3.1 is satisfied.
It follows from the Mordell-Weil theorem and the fact that E(L) has no p-torsion that
E(L)/p3 ≃ (Z/p3Z)r
where r denotes the rank of E over L.
We claim that the group X1(L,E[p2]) is p-torsion. Indeed, any element of X1(L,E[p2]) is of
the form δp2(P ) for some P ∈ E(L) which is locally p
2-divisible. Such a P is locally p-divisible,
hence is p-divisible, because X1(L,E[p]) = 0 (this results holds for any elliptic curve and any prime
p, see [4, Theorem 3.1]). Therefore, P = pQ for some Q ∈ E(L), hence pP = p2Q which is zero in
E(L)/p2, and the claim follows.
According to (7), it follows that any element of X1(L,E[p3]) is p-torsion, hence is p2-divisible
in E(L)/p3 ≃ (Z/p3Z)r. Consequently, any element of X1(L,E[p3]) = ker(βp3) is p
2-divisible in
H1(L,E[p3]), hence assumption (ii) of Lemma 3.1 is satisfied.
Remark 3.5. a) When going through our proof one can see that, in the setting of Theorem 1.4,
the natural map
E(L)/p3 →
∏
v∈ΩL
E(Lv)/p
3
is not injective, and its image is not a direct summand of the target group.
b) One can easily generalize the constructions of Theorem 1.4 by replacing p3 by pr with r ≥ 3.
This yields examples for which βpr is not injective and its image is not a direct summand of
the target group.
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